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In the study of Fourier series, we have seen that if a function f(x) is defined in —o0 < x <
o and is periodic with period 2/ satisfy the Dirichlet’s conditions viz. (i) f(x) is piecewise
continuous and (ii) f(x) has a finite number of maxima and minima, then f(x) can be expanded
as a Fourier series as f(x) = @ + Y| (aycos 27* + b, sin ). The series on the right hand
side converges to f(x) at all points where f(x) is continuous and converges to % [f(xd) + F(xg)]
at points of discontinuity. But many applied problems give rise to non-periodic functions. If a
function f(x) is initially defined on a finite interval say, ¢ <x < ¢+ 2, we can always extend the
definitions outside [c, ¢+ 2I] by imposing some sort of periodicity conditions. If f(x) is defined
in (—oo,00) and is non-periodic, we cannot expand f(x) as a Fourier series. Therefore if we think
of f(x) as a periodic function with infinite period, f and f’ are piecewise continuous on every
finite interval [—/,/] and if [~ |f(x)|dx < oo, then one can extend the concept of Fourier series

to this function and obtain a representation as an indefinite integral, called Fourier integral.

| FOURIER INTEGRAL

Let f and f’ be piecewise continuous functions defined on every finite interval [—/,/] and

let
| 1flax <
i.e. f(x) is absolutely integrable. Then the Fourier integral of f is given by

flx)= /OOO[A(W) coswx + B(w) sinwx|dw (1)

for all points x at which f is continuous. The integral converges to %[ f(xT)+ f(x7)] for every

point x at which f is discontinuous, where

A(w) = % / " F(t) coswrds %)
and
B(w) = % / " F(t)sinwr . 3)

Theorem 1.1 (Fourier Integral)

If f(x) is piecewise continuous in every finite interval and has a right-hand derivative and
a left-hand derivative at every point and if f is absolutely integrable, then f(x) can be
represented by a Fourier integral (1) with A and B given by (2) and (3). At a point where
f(x) is discontinuous the value of the Fourier integral equals the average of the left-and

right-hand limits of f(x) at that point.
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Problem 1.1

Express the function
1 for|x| <1
flx) =
0 for x| >1
as a Fourier integral. Hence evaluate / de.
0 w
flx)
1
-1 0 1 X

Solution. The Fourier integral of f(x) is
flx)= / [A(w) coswx + B(w) sinwx|dw.
0

We have

A(w) =+ / "~ f(t)coswrdr

T

1 1
= —/ 1 coswedt
TJ-1

_1 sinwz‘1
x| ow

t=—1

= %[Sinw —sin(—w)]

I . .
= —[sinw+ sinw]
w

2sinw

w

Similarly,
1 [~ )
B(w) = %/ f(t)sinwt dt

1 /1
:—/ 1 sinwtdt
TJ-1
=0
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Hence the Fourier integral of f is given by

flx)= /OO[A(W) coswx + B(w) sinwx]dw

N 0
:/ l Smwcoswx—f—O] dw
0 Tw

/°° 2sinwcos wx
0

w
2 /°° sinwcos wx
0

w

T

dw,
w

for x £ 41, since f is continuous for all x # +1. For x = 1, the right and left hand limits of f

are given by

f(1T)=0 and f(17)=1.

The average of these limits is 0%1 = 5. Hence for x =1 we get
2 /°° sinwcosw 1
— | —dw=—~.
T Jo w 2

For x = —1, the right and left hand limits of f are given by

f(=1")=1 and f(~17)=0.

The average of these limits is # = % Hence for x = —1 also, we get
2 /°° sinwcosw 1
— | ——dw=—~.
7 Jo w 2

Thus

/°° sin wcos wx
0

Y/
dw = —
1 for x| <1

)
:E 5 for x =41

0 for |x|>1.
/2 for |x| <1
= n/4 for x=+I

0 for |x| > 1.

P> The above problem shows that

IS

* sint cost
i
0 t
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and

= sint /4
—dt =~
fy =3
(put x = 0 in the above problem).

Problem 1.2

Show that )
0 ifx<0
*° COSXW + wSInxw )
‘A Tyw? T3 =0
we ™  ifx>0.
\
Solution. Consider the function
0 ifx<O
f) =91 ifx=0
e ifx>0.

We have

—st
/e“ sinwt dt = ——— (—wcoswr — ssinwr)
sc+w
—st

/e_“ coswtdt = (—scoswr +wsinwr)

52 +w?

We represent f as a Fourier integral. The Fourier integral of f(x) is
f(x) :/ [A(w) coswx + B(w) sinwx|dw.
0
We have

A(w) = — /_ : F(t)coswrdt

U

1 oo
= —/ e Tcoswtdt
TJo
1 k
= _—1lim | e 'coswtdt
T k—o /O

1 [ e! k
5 (—coswt +wsinwr)
1 M e—k 0

(—coswk +wsinwk) — 1 —|e—w2

am | (—cosO+wsin0)]
—>00

efk

dm |5 +Wz(—coswk—Hvsinwk) T

1 1
=04+ ——
ﬂ[ +14—w2}

1
(1+w?)

(—1+Oﬂ
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Similarly,

B(w) = _/_:f(t) sinwt dt

U

[~ _, .
= —/ e sinwrdt
TJo
1 k
= —lim | e 'sinwrdt
T k—e /O
- k
. € .
= — lim | ———(—wcoswt —sinwr)
[ ek . e’
= — lim | ——(—wcoswk —sinwk) —
koo [ 1 +w
-
= — lim | ——(—wcoswk —sinwk) —
koo [ 14+w

1 w
=—10
71?[ +l—i-wz}

r(1+w?)’

5 (—wcos0— sinO)}
w

(w0

14+w

Hence the Fourier integral of f is given by

f(x)—/w[A( )coswx + B(w) sinwx]dw

w
_ i d
/ [ 1+w2 coswx+7r(1+w2)smwx w
/ COSWxX + wsinwx

1+w?

w,

for x #£ 0, since f is continuous for all x £ 0. For x = 0, the right and left hand limits of f are
given by
f0N)=e=1 and f(07)=

The average of these limits is 130 = % Hence for x = 0 we get

1/°°coswx—|—wsinwxd 1
— w=—.
T Jo 1+w? 2
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Thus
/°° coswx—l—wsinwxd f(x)
W= X
0 14+w?
(
0 ifx<O
=741 ifx=0
e ifx>0.
) \
0 ifx <0
=17 ifx=0
me ™  ifx>0.

I FOURIER COSINE INTEGRAL AND FOURIER SINE INTEGRAL

Just as Fourier series simplify if a function is even or odd, so do Fourier integrals, and you can
save work. Indeed, if f has a Fourier integral representation and is even, then B(w) = 0. Then

(1) reduces to a Fourier cosine integral

2

flx)= /OOOA(W) coswxdw where A(w)= E/Ooof(t)coswtdt 4)

Similarly, if f has a Fourier integral representation and is odd, then A(w) = 0. Then (1) becomes

a Fourier sine integral

flx)= /OooB(w) sinwxdw where B(w)= %/wa(t) sinwt dt Q)

Express

1/2 for0<x<m
flx) =

0 forx>nrm

as a Fourier sine integral and hence show that

/ ——sinxwdw =
0 W 0 forx>m
Solution. The Fourier sine integral of f(x) is
f(x)= [ B(w)sinwxdw.

0
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We have
2 [ .
B(w) = = / F(¢)sinwr dt

T Jo
2 (71

= — / —sinwtdt
TJo 2

_ 2 [—coswr]™

C2n w =0

= [coswm — cos(0)]

—1
= —[coswm — 1]
w

1—coswm

w

The Fourier sine integral of f(x) is

1 —cosmtw
= [ =% Gnwxd
f(x) /0 p sinwxdw

1 °1—cosaw .
= — — -sinwxdw
TJo w
*1—cosmw .
/ ————sinwxdw = wf(x)
0 w

/2 for0<x<m

0 forx>rm

At x = 7, the average of left and right hand limits is 3(3 +0) = }1. Hence at x = 7,

*1—cosmw . T
——sinwmwdw = —.
0 w 4

Problem 1.4

Using Fourier integrals, show that

* wsin T
: % W:Ee_kx(x>0,k>0).

Solution. Let f(x) = e X where x > 0 and k > 0. Using Fourier sine integral, we have

flx)= /OOOB(W) sinwxdw.
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where

B(w) = z/mf(t)sinwtdt

T

0
2 [ ..
:—/ e M sinwt dt
T Jo

2 ekt I3
= — lim | 5>——(—ksinwf —wcoswt)
T p—e |k +w =0
2 [ e~kp e’

(—ksinwp —wcoswp) — 5 (—ksin0 —wcos0)

K +w

T+
< wsin wx T
=~ f(x)

0o k*Z+w? V=3

ek, 0

Problem 1.5

Using Fourier integral, prove that

/°° cos(mw/2) cosxw Feosx if x| <m/2
0

— 2
I=w 0 if |x| > /2

Solution. Let
cosx if |x| <m/2

fx)=
0 iflx]>m/2

The Fourier cosine integral of f(x) is

flx)= /OOOA(W) coswxdw.
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where
A(w) 2/mf(zf)cos tdt
w) == w,
TJo
2 /2
= —/ cost - coswt dt
TJo
2 [ (721
= 2| [ Sleostw+ e+ cos(w— 1t | di
w|lJo 2
1 [sin(w+ 1) sin(w—1)r]™2
Cm| ow+l -1 |,
1 _sin(w+1)ﬂ/2+sin(w—1)7r/2
|l w+l w—1
1 [sinw(m/2)cos % +coswZsing N sinwZ -cos § —coswZ sin§
| w1 w—1
ICOS /4 1 1
= — w—|—m — ——
T 2 | w+l w—1
1 cos <w7r> -2
B 2/ \wr-1
_ 2cos(wm/2)coswx
B (1 —w?)
*2cos(wm/2)coswx
. d —
_ /oo cos(wn/Z)coswxdW: Ef(x)
0 1—w? 2

(m/2)cosx, |x|<m/2
0, |x| > /2

Consider the case of [x| = Z. When x = Z, the average of left and right hand limits is 1 (cos Z +

0) =0. So

° 2
/ cos(wm/ )Zcoswxdw _0
0 1—w
for x = Z. Similarly for x = —Z, the average of left and right hand limits is (0 +cos %) =0
and hence
° 2
/ cos(wrm/ );:oswxdw _0
0 1—w
forx=—7. |

PN FOURIER COSINE AND SINE TRANSFORMS

The Fourier cosine transform of f(x) is given by

[ / ) cossxdx. (6)
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and the inverse Fourier cosine transform of f.(s) is given by

2 [ 4
flx)= \/;/0 fe(s)cossxds. (7

Similarly, the Fourier sine transform of f(x) is given by

\/7 / ) sinsxdx. 8)

and the inverse Fourier sine transform of fs §) is given by

[/ fs ) sinsxds. 9
Problem 2.1

Find the Fourier cosine and Fourier sine transforms of the function

k if0<x<a
flx)=

0 ifx>a

Solution. We have

\/7/ cossxdx
:\/j/ kcossxdx
TJo
_ %k {sinsxr
T s 1o

2
= \/j]E [sinsa — sin 0]
s

2 ksinsa

T s

2 (o)
= \/j/ f(x)sinsxdx
T Jo
2 a
= \/j/ ksinsxdx
T Jo

_ %k {—cossxr
0

Similarly,

T s
2 —k
=1/ —=—/|cossa — cos0]
T s
2 k(1—
_ 2 k( cossa)‘ -
T s
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I PROPERTIES

L felaf () +Bg(x)] = afelf(x)] + Bfelg(x)] and
Filoef (x) + Bg(0)] = ot fs £ (x)] + B flg ().
2. felf(ax)] = 3 fe(s/a) and fi[f(ax)] = ;fi(s/a).

fel f (ax)] = \/%/Omf(ax) -cossxdx.

Put ax = ¢t. Then adx = dt.
ax]—\/7/ -cos s( t/a
\/>/ cos tdt

- _fc S/a)

Proof. We have

The other result is similar. [ |

Assume that Fourier sine and cosine transforms of f(x) exist and let f(x) — 0 as x — oo.

Then

3. RL@)] =)~ /2£(0) and
AP ) = =sf(s)

]_\/>/ x) cossxdx

:\/; glm [cossx- f(x f / —ssinsx)

:\/zlgn [cossk- f(k) —cosOf(0 \/7/ —ssinsx)
\/7 —l—S\/i/ f(x)sinsxdx

— sl 20

Proof. We have
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]—\/>/f sinsxdx

:\/;klg?o[smsxf \/7/ scossx - f(x
\/E,EI_{EO[SIHS]{ f (k) —sin0f(0) ]—[/ scossx- f(x)
—O—s[/f cos sxdx

= _Sfc[f

Similarly,

KI FOURIER TRANSFORMS

We derived two real transforms, Fourier sine and cosine. Now we want to derive a complex
transform that is called the Fourier transform. It will be obtained from the complex Fourier

integral, which will be discussed next.

I COMPLEX FORM OF THE FOURIER INTEGRAL
From the definition of Fourier integral from equations (1), (2), and (3), we have
<1 (1 [ I [ ) )
f(x) :/0 {(%/_wf(t)coswtdt> coswx + (E /_wf(t) s1nwtdt) smwx} dw
L o=l [ ) )
= E/o [/_m(coswt coswx + sinwt smwx)f(t)dt} dw
1 0 00
= /0 [ plycoswix—rydraw, (10)
)= % [eiw(x_’) + e_iw(x_t)] , equation (10) becomes
— l o[ 1| iw(x—1) —iw(x—t)
_71'/0 /_Nf(t)z[e +e ]dtdw
1 [~ [ . 1 o [ .
_ iw(x—r) - —iw(x—t)
27:/0 /_wf(t)e dtdw+2n/0 /_Oof(t)e dtdw.

To combine the two terms on the RHS, we change the dummy integration variable from w

Since cosw(x —

to —w 1in the second. Thus

27[/ / zwx tdtdw+_/ / lwx tdtd( )
2n//f ’W’”dtdw—l——/ / F(0)e™ O dr dw

- E/_w/_mf(t)elw G0 d dw. (11)
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(11) 1s known as the complex form of the Fourier integral.

P> Note that the complex form of Fourier integral can also be written as

flx) = \/%_717/—0; [\/% /_O;f(t)eiW’ dt] ™ dw

This motivates the definition of Fourier transform.

I FOURIER TRANSFORM AND ITS INVERSE

The Fourier transform of f(x) is defined as

A

1 * —iwt
fom = | e (12)

and the inverse Fourier transform of f(w) is given by

1 Sl .
flx)= \/T_n/wf(w)elwxdw (13)

I CONVOLUTION
The convolution of f and g is denoted by f * g and is defined as
t
frg= [ flwg—udu. (14)

Also fxg=gxf.

Theorem 3.1 (Convolution Theorem)

Suppose that f(x) and g(x) are piecewise continuous, bounded, and absolutely integrable

on the x-axis. Then the Fourier transform of f x g is given by

(F*8)(w) = V2rf(w)s(w).

The convolution theorem shows that

(fg)(x) = /_ i Fw)3(w)e™ dw.

Problem 3.1

Find the Fourier transform of

Jeeja 4. V. Jeejamath@gmail.com
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Solution. Fourier transform of f(x) is given by

N

Jw) =

1 iwx
— x)-edx
\/27[/ )
coswx + isinwx)dx

“

a
:—2 x-isinwxdx

V2 Jo

(" xcoswx is odd and xsinwx is even)
. a
2. COSWX sinwx
=4/ —igx|— 1| ——
T w w 0
\/? | sinaw — awcosaw
=1/—=1 .
T w2

Problem 3.2

Find the Fourier transform of e=*"/2. Show that e~/ is self reciprocal.

Solution. The Fourier transform of f(x) is given by

? 1 * isx
76 = o= [ 1o

—2/2 (cossx + isinsx)dx
\/271/ )
1 o]
= e 2/zcossxdx( - sinsx is odd)

\f / /2 cos sxdx = I(say)

dr _ \/Z/me_xz/z(—sinsx) xdx
\/7 / sinsx)(—xe ™ /2dx)
- \/;{ [(Sme)( 2/2)]0 - /Oooscossx (e*x2/2> a’x}

2 e8]
= E(—s)/ e /2. cossxdx
0

Now

= —sl.

Seperating the variables,

= —sds.

1)

Jeeja A. V.
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Integrating, we get
—§2
logl = - +logA

or [ =Ae /2, (*2)

Now, when s = 0, from (*1),

1= \/Z/mexz/zdx
T Jo

2 oo
el = \/;/ e_yzx/idy where y = x/V2
0

2 © 9 2 \r
:—/eydy:——:l.
VT Jo VT 2

Also when s = 0, from (*2), I = A. Equating the above values we get A = 1.
I=f(s) = e /2

Since f(s) = e=s/2 = f(s), f(x) is self reciprocal. |

I EXAMPLE 3.8

1—-x* if x| <1

Find the Fourier transform of f(x) = and
0 if [x] > 1

* XCOsx — sinx

use it to evaluate /

X
3 cos —dx
0 X 2

[K. U. 2000 October, 2001 October]

Solution

Fourier transform of f(x) is given by

F(s) = \/% /_Zf(x)eisxdx.

1 1
= — 1 —x?)(cossx + isinsx) dx.
v Ol )
1 1
=—2 [ (1—x*)(cossxdx (. (1—x*)sinsx is odd)

V2 Jo
Voo (5%) e (5
+(-2) (—Si?;x) };

2[ 2Cos s ZSins}
J— — _—+— .

Vr 52 3
2\/5 SCOSs —sins
T 53 '
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By inversion formula for Fourier transform,

s)e ¥ ds

1 )
X)= — F
f) V2T /oo (
1 o 2 o
= Wir /_w —2\/; {M} (cossx —isinsx) ds

2 [ [scoss—sins
= —— —— cos sxds
TJ) o S

2i [ (scoss—sins
+ — —F
TJ) o S

2 < [/ scoss—sins
= ——2/ — cos sxds
T Jo s

(since the integrand in the second integral is odd)

) sinsxds

* §COSS — sins T
. pEEer ds = — =
/o 3 cos sxds 4f(x)
T
= —Z(1-x)if x| < 1
4
=0 if |x| > |
Putx=1/2.
/”scoss—sinscossd B -3
0 5 2~ 16
or /”xcosx—sinx cosxd —3r
_— —dx=——.
0 x3 2 16

PROPERTIES OF FOURIER TRANSFORMS

P1. Flaf(x)+Be(x)] = aF [f(x)]+BFlgx)].
I PROOF

Flaf () +Bs(s)] = 2= [ laf() + Be(w)le"ds

= Q- _/ lSde

lSde

b 75z st
= aF[f(x)]+BFlgx)]

P2. F[f(x—a)] = e“4F(s).

Jeeja A. V. Jeejamath@gmail.com
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1 °° .
Flf(e—a)) = | fte=a)-eax
Putx—a=¢t or x=t+a.
1 e .
_ is(t+a)
_\/ﬁ/_wf(t) e dt.

Jeeja A. V.
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isa L * L st
=e Nir /_ . f(t)-edt
= PUF(f(x)] = *F ().

P3. Fle“f(x)] = f(s+a) = F(s+a).

I PROOF

P4. F[f(ax)] = |71|f(s/a) = ﬁF(s/a).

I PROOF

Case (i) when a > 0.

F(f(ax)] = %n’/w flax)-e*dx put ax=t
adx = dt
1 © st/
- t IAY adt
= |t drja
1 © :
— i(s/a)t
= t)- dt
T ARALA

i
—~
%)
\
Q
S~—
Il
!
—~
[}
\
Q
N—

Q= Q

Case (i) when a < 0,

Flf (av)] = %2_” | rtaveax

putax =t whenx= —oco, =00
when x = o0, = —oo (sincea <0).
e ; dt
- Helst/a) 22
= [ oS

Jeeja 4. V. Jeejamath@gmail.com
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_ P s/a
B am/ 7o)
— L fsja) = L FGs/a)

f(s/a).

H
Flfa) = o

P5. F[f(x)cosax] = 5[F(s+a)+F(s—a)]

8=

I PROOF

F[f(x)cosax| = —/ f(x)cosax - e**dx
L[ [
_ 1 /‘”f(x)[ ol l=a] gy
|:L /oo f(x)ei(era)xdx

+_/°° f(x)ei(s“)xdx}

5

1
=5F(s+a)+F(s—a)l

P6. FIXf(x)] = (—i)" L F (s).

I PROOF

Jeeja 4. V. Jeejamath@gmail.com
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= "Ff ()]

W] = 5 )

= (~i)' S F(s)

P7. F[f'(x)] = —isF(s) if f(x) — 0 as x — oo

I PROOF

FIf(x)] = % | rwesax

= % { @] "~ [ ) -f(x)dx}

= —isF(s).

I NOTE:

FIf" @)= (—is) F(s)if - fof " f0)

— 0 as x — too.

P8. F { / ' f(x)dx} _ gF(s).

I PROOF

Let ¢(x) = /:f(x)dx, then ¢'(x) = f(x)

ByP7. FI¢/(x)] = —isF[o(x)]

Jeeja 4. V. Jeejamath@gmail.com
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I PROOF
Flf(—x)] = \/%_R/Zf(—x) edx putr=—x
1 - —ist
= = | 0
I N
= \/ﬁ/mf(t) dt
= F(~s)

I NOTE:

(1) If F[f(x)] = f(s), then the function f(x) is called self reciprocal.

e Mg(t), t>0

(2) If f(r) = ,
0, 1<0
then  F[f(r)] = J%L[gan.
I PROOF

1 (o)
:—/ e Mg(r)- e dt
27w Jo
1 bl :
:T/ g()e FBgr  putk—is=w
Jo
1 %)
:—/ g(t)-e™dt
21w Jo
— L 1[5(0)
V2T &

FOURIER COSINE AND SINE INTEGRALS

In the study of Fourier series if a function f(x) is defined in
0 < x <[, we extend it to —/ < x < [ in such a way that f(x) is periodic with period 2/ and

find its Fourier series. Thus we obtain the half range cosine series or half range sine series of

Jeeja 4. V. Jeejamath@gmail.com
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f(x) depending upon the extension as an even function or an odd function. In the same way,
if f(x) is defined in O < x < oo, one can extend it to —oo < x < oo either as an even function or
as an odd function (depending upon the symmetries about the real axis or about the origin) and
obtain the Fourier cosine transforms and Fourier sine transforms.

By Fourier integral theorem,

flx)= /Ow[A(w) coswx + B(w) sinwx|dw

where
1 o0
— f(t)coswtdt and
)
LT () tdt
— sinw
.

If f(x) is even in —oo < x < oo, then f(x)coswx is also even but f(x)sinwx is odd.
So that A(w) = Z [5° (¢) cos wtdt and B(w) = 0.

Thus the above equation becomes

flx)= %/w (/wf(t) coswtdl) coswxdw. (15)
0 \Jo

Similarly, if f(x) is odd in —eo < x < o, then f(x)coswx is odd and f(x) sinwx is even.
So that A(w) =0 and B(w) = %f(;x’ f(t) sinwedt and hence

flx)= %/Ooo </Omf(t) sinwtdt) sinwxdw (16)

T

(8) is called Fourier cosine integral and (9) is called the Fourier sine integral.

Sl FOURIER COSINE TRANSFORM AND ITS INVER-
SION FORMULA

Fourier cosine integral (8) can be written as

2 (o) oo
flx)= E/ </ f(t)cosst dt) cossxds (by replacing w by s)
o \Jo

= \/%/Ow {\/%/wa(t) cosstdt} cossxds
= \/%/wac(s) cossxds (17

P(s) = AIF) \f/ ) cosst di. (18)

Jeeja A. V. Jeejamath@gmail.com
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The function f,(s) as defined by (18), is called the Fourier cosine transform of f(x). Also the

function f(x), as given by (17), is called the inversion formula for the Fourier cosine transform.

FOURIER SINE TRANSFORM AND ITS INVER-
SION FORMULA

Fourier sine integral (16) can be written as

flx)= / ( / St s1nstdt) sinsxdx (by replacing w by s)

\/7/ {\/7/f s1nstdt}smsxds
= \/%/Omfs(s) sinsxds (19)

fils) = f(f(x) = \/% /0 " f(r)sin stdr. (20)

The function f;(s), as defined by (20) is known as the Fourier sine transform of f(x). Also the

where

function f(x), as given by (19) is known as the inversion formula for the Fourier sine transform.

(WEN PROPERTIES OF FOURIER COSINE AND SINE TRANS-
FORMS

B L.IST OF FORMULAE

1. Fourier integral of f(x) is

= %/Ooo/:of(t) -cosw(t —x)dt dw.

2. Complex form of the Fourier integral is

zwt xdtd
27:/ / s

3. Fourier cosine integral of f(x) is
2 e8] o
flx)= —/ </ f(t) coswtdt) coswxdw.
0o \Jo

4. Fourier sine integral of f(x) is

Flx) = % /0 ) ( /O N0 sinwtdt) sinwxdw.
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5. Fourier transform of f(x) is

: f(x)e™*dx

FIf(x)] = F(s) = %z_n |

and its inversion formula is

(5)-e % ds.

f(x)z\/%—n/zF

6. Fourier cosine transform of f(x) is

felf () f / - coS sxdx

and its inversion formula is
2 [
=1\/—= [ fe(s)-cossxds.
T Jo

7. Fourier sine transform of f(x) is

Hlf @)= fsls) = \/%/Ooof(x) sinsxdx

and its inversion formula is
2 [, )
= —/ fs(s) - sinsxds.
T Jo

I ILLUSTRATIVE EXAMPLES

I EXAMPLE 3.9

Find the Fourier complex transform of

k in|x| <1
fx) =
0 in|x|>1
[K. U. 2002 November]
Solution
Fourier transform of f(x) is given by
1 ° ;
F(s :—/ x)-e"™dx
== 1

1 1 . k |:eisx:| l
=— | k-eéMdr=—— | —
V2rm /z V2E _

e

Jeeja 4. V. Jeejamath@gmail.com
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I EXAMPLE 3.10

Find the Fourier inverse transform of e /4 [K.U. 2004 May]

Solution

By inversion formula for Fourier transform,

S) 'e—isxds

f<x>=%2_n/

(cossx —isinsx)ds

/ —5 /4
\/27r

1 o
:— 2 e /4 cossxds (','e732/4sinsxis odd)

\/7 / /*cossxds = I(say) (1)

ﬂ = \/z/we_sz/“(—sinsx) -sds
\/7 2/ sinsx <— efsz/4ds>
2 : 2/4 = o5/
=24/—= [(smsx / COS X)X ds
T 0

Now

(Integrating by parts)
2 [}
= —Zx\/i/ e/ cossxds
T Jo
= —2xl
Seperating the variables,
dl
7= —2xdx or logl = —x* +1ogA
or I =Ae™ )

Now when x = 0, from (1)

2 [ 2 [
I:\/i/ e_sz/4ds:\/i/ e_y22dywherey:s/2
T Jo TJo
2 %S}
:\/;'\/ﬁ:\/i (2/ e*yzdy:\/ﬁ)
0

Also when x =0, from (2), I =A
LA=V2

(2) becomes I = f(x) = V2e
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I EXAMPLE 3.11

Find the complex Fourier transform of ¢~ 4 > 0.

Solution
Fourier transform of f(x) is given by

F(s) x) - e dx

Z\/%—ﬂ/wf(

~all(cos sx 4 i sin sx) dx

\/ 2T /
1 o
= “alcossxdx) (- e M sinsx is odd)

\/7/ “cossxdx
= —(—acossx—I—ssinsx)}
\/;{az—ksz 0
B \F a
Vo oa?4s?

I EXAMPLE 3.12

Find the Fourier transform of

a—|x| if|x|<a

f) =
0 if [x| >a > 0.
Solution
Fourier transform of f(x) is given by
F(s) = L/w f(x)- e dx
V21

a— |x|)(cossx+ isinsx)dx

m/_a

1 a
= (a — |x])cossxdx (. (a— |x|) sinsx is odd)

\/*/ C(?ssxdx .
-2 {lomn () -0 (=5) }

Jeeja 4. V. Jeejamath@gmail.com
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B 2 cosas 1 _\/E 1 —cosas
- E{_fﬁ_+?}_ E<_f?_v
B \/5 2sin*(as/2)

“Vr 52

I EXAMPLE 3.13

Find the Fourier cosine transform of e~ [K.U. 1998 November]

Solution

Fourier cosine transform of f(x)

[/ x) cossxdx
\/7/ X cos sxdx

= (—SCossx+ssinsx)}
\/7{254—5‘2 0

:\/%[25is2}

I EXAMPLE 3.14

Find the Fourier cosine transform of

1 ifo<x<1
flx) =
0 ifx>1

[K.U. 2000 April]

Solution

Fourier cosine transform of f(x) is given by

_ \ﬁ / " F(x) cos sxdx
s f oo 2],

sins

Y/ N

Jeeja 4. V. Jeejamath@gmail.com



30

I EXAMPLE 3.15

Find the Fourier cosine transform of e
Solution
Fourier cosine transform of f(x) = e i
\/7 / f(x)cossxdx
= \/j/ e -cossxdx =1 (say)
TJo
Now

— \/7/ (—sinsx) - xdx
:5\/;/0 sinsx(—er*xzdx)

1 /2 oo oo
= —\/j{ [sinsx-e_x2] —/ scossx-e_x2 dx}
2V 7w 0 0

1 2 [
5(—s) \/;/o e cos sxdx
s
——1.
2
Seperating the variables,
dl s
— = ——ds.
1
Integrating,
—?
logl = e +logA
orl =Ae ¥/

Now when s = 0, from (1),

2 [ 2
I:\/i/ e dx = —-ﬁ:
T Jo T 2

Also when s = 0, from (2), I = A.

i — L
Equating, A = 7

1

7

[K.U. 2003 April]

6]

2)

Jeeja A. V.
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I EXAMPLE 3.16

Find the Fourier cosine transform of
flx)=sinxin0<x<m

[K.U. 1998 April]

Solution

Fourier cosine transform of f(x) is given by

2 o
:\/i/ f(x)-cossxdx
TTJo
2 T
= —/ sinx - cossxdx
\/>/ —[sin(s+ 1)x —sin(s — 1)x]dx

{ cos(s+1)x +cos(s—1) }0

s+1 s—1
cos(s+ 1) cos(s— )x 1 1
{ s+1 s—1 +s—l—l_s—l}
COSST  COSST 1 1
{s+1 s—1+s+1_s—1}

\/7 1 +cossm
o 1—s2

I EXAMPLE 3.17

1
Obtain the Fourier sine transform of — [K. U. 1999 November]
X

Solution

() \/7/ —s1nsxdx—\/7/ Lnt ﬂwheret—sx
t/s s
smt sinx T
f/ \/; 2 ( 0 de—a)
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I EXAMPLE 3.18

Find the Fourier sine transform of eIl Hence evaluate
xsinmx

f 0 2 dx.

14+x

[K.U. 2002 November]

Solution

|"| [ / *sinsxdx.
= \/7 (—smsx—scossx)
1+s? 0
B \F ;
CVml4s?
By inversion formula for Fourier sine transform
2 [ )
= \/i/ fs(s) - sinsxds
\/7 / \/7 5 sinsxds
T 1+
/ ssin sx
o 1-1—s2

*© ssinsx T T
—ds=— =—e "

Replacing x by m, we get

* ssinms T
ds=—e ™.
/o 1+s2 ©702°

*© xsinmx T o_
Hence/ 5 dx= e "
o l4+x 2

I EXAMPLE 3.19

Find

(1) Fourier cosine transform of I

(i1) Fourier sine transform of —
14+x

[K.U. 1998 October/November]
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Solution
N 1 2 = 1
fe [m] = \/;/0 T2 -COSSX - dx
Let
 COSsX
dx=1 1
/0 1+ )
Then
dl ®  xsinsx
- = ~d 2
ds /o a2 )
/ x% sinsx
(1 —|—x2
(1 _
/ +x%) — 1] sinsx I
x(1+x2)
/ 1nsx /"" sinsx d
—————dx
o x(1+x2)
dl T ®  sinsx
S =—= — 3
s 2" x(1 +x2) )
Now
d*1 /°° XCOS SX
_ = —dax
ds> Jo x(1+x?)
< COS §X
0o 1+x2 o
d’l d
E_I 0 or (D*>—1)I =0 where D = o
I =Ae’+Be™* 4)
dl
=Aé* —Be* (%)
ds
Putting s = 0 in (1) and (4), we get
< dx 1 T
I=A+B= /0 a2 = (tan™ " x)y = ) (6)
Putting s = 0 in (3) and (5), we get
dl Ve
—=A—B=——. 7
ds 2 )
Solving (??) and (12), we get A = 0 and B = 7/2. Substituting these in (4)
1= ge* ®)
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\/E/wxsinsxd
=4/ — X
wJo 1+x2

I EXAMPLE 3.20

—ax

e
,a>0.
X

Find the Fourier sine transform of

Solution

n 2 00 e—ax
fs(s) = E/o . sinsxdx = I (say) (1)
I 2 oo ,—dX
Then fT = \/;/ ¢ xcossxdx
s 0 X
2 [o%)
= \/i/ e “cossxdx
TJo
\/E{ e ) =
=1/=9{ 55— (—acossx+ssinsx }
2 | a2 +s2 0
_ \/E a
V2 a24s2

2 a
I=4/— | 5—=d
\/;/a2+s2 g

2 1

= \/i-a—tan1 <£> +C
T oa a
2 1

=/ tan (s/a)+C ()

Integrating wrt s, we get

Put s =01in (1) and (2), we get
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I EXAMPLE 3.21

Find the Fourier sine transform of

e, 0<x<b
fx)=
0, x>b

[K. U. 2003 April]

Solution

_ \/Z / " F(x) sinsxdx
\/7/ *Sin s
:\[{HSZ( smsx—scossx)}z
_ %{[liiz(—sinsb—scossb)] - [1 isz(—s)”
1

2
— \/; e [s—e_b(sinsb—I—scossb)}
s

I EXAMPLE 3.22

Find the Fourier sine transform of
sinx, 0<x<a
0, x>a

[K. U. 2003 November]

Solution

2 o]
:\/i/ f(x)sinsxdx
T Jo
= —/ sinx - sinsxdx
\/7/ —[cos(s — 1)x—cos(s+ 1)x]dx

sin(s —Dx sin(s+ 1)x 1
0

\/2717 [ s—1 s+1
1 [sin(s—1)a sin(s+1)a
CVer | os—1 s+1

Jeeja 4. V. Jeejamath@gmail.com




36

I EXERCISE 3.1
1. If F(f(x)) = F(s), find F[f(ax)] [K. U. 2000 April)

2. If F(f(x)) = F(s), prove that F[f(x —a)] = ¢'“F (s)
[K.U. 2001 April)

3. Find the Fourier transform of the following functions

0, x<0
i) f(x)=41, 0<x<a [K.U. 2002 April]
0, x>a

x?, if|x|<a

(i) f(x) =

10 if [x| > a

(iii) f(x) =xe " where 0 <x < oo

(

a>—x* iflx|<a
(iv) f(x) =
10 if [x| > a
)
1—|x| forl|x| <1
W) fx)=

0 for |x| > 1.
(vi) f(x)=e"1

|x| for |x| <a

(vii) f(x) =
10 for |x| >a>0

4
cosx ifO0<x<1
(viii) f(x) =
\0 otherwise.

.

_ R ifa<x<b

(ix) f(x) =
0 otherwise.

\

4

sinx if |x| <a

(x) f(x) =1

0 if [x| >a > 0.

\
4. Find the Fourier transform of
1 if|x|<a

flx)=
0 if|x|>a>0.
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Hence find

. < sinx
(1) / ——dx and
0o X
/°° sinas - cos sx

—oo S

S.

(i)

5. Find the Fourier integral representation of

fx)=1¢1/2, x=0

6. Find the Fourier cosine transform of the following functions
() f(x) =e X +4e [K.U. 2001 October]
(i) f(x)=e > +3e™*

(i) f(x)=e"*/x

X forO<x<1
(iv) fx)=<¢2—x forl<x<?2

0 forx >2

\

V) fx)=e*a>0

(

xz, O0<x<rm

(Vi) f(x) =

0, x>m

\

7. Find the Fourier cosine transform of f(x) = ¢~** and hence deduce that

Q) /°° CcoS2x T g and
0

x2+16 —ge
.. ®xsin2x W _g
(“)/o 2116 2°

8. Find the Fourier sine transform of the following functions

;

X forO0<x<1

() fx)=<¢2—x forl<x<?2

0 forx>2

\

(i) f(x)=5e > +2e >
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cosx ifO0<x<a
(iii) f(x) =
0 ifx>a

(iv) f(x) =e *,a > 0 and hence deduce that

o s . T
ﬁsmsxds:—e
0 s°+ta 2

—ax

v) f(x)zazLﬂz
. xz, O<x<m
(vi) f(x) =

0, x>m

(vil) f(x) =e 343>

sinx, 0<x<m
(viii) f(x) =

0 otherwise

9. Find the Fourier sine and cosine transforms of coshx — sinhx.
10. Find f(x) if its sine transform in e~%.
11. Find f(x) if its cosine transform is e~%’.

12. Show that f(x) = xe /2 is self reciprocal with respect to Fourier sine transform.

I ANSWERS

1. 1 F(s/a).

|al

1 ias __ 1
3. @) —(e : )
a’si 2acosas 2sinas
(i1) 2 — 3

(111)

x/_ {(1—11'»*)2}

———(ascos as — sinas)

\/_s3

) \/7<1—coss>
1
v 7r<1+s2>
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assinas —i— cosas — 1
(vii)

sm(s—i—l) (sins—1) . /1—cos(s+1)
(vii1) m/ﬁ s+1 N s—1 l( s+1
I —cos(s—1)
* s—1 )}
(ix) [ i(k+s)a _ei(k+s)b} /(k+s)

(x) \/7 (ssina cosas — cosasinas)

4 F(s)= 3(“”‘”) () % (i) Z(x)

U

dw

1 wsin wx + cos wx
S ) / 1+ w?

. 2 2 3
6. ()\/>[s2+4 s2—|—9] @) \/j{s2—|—4+sz—|—11

2) (iv) 2 {2coss B c0s2s 12}
s

(i) —

\/_log( +a

(v) \/z(s2 ) (vi) 2v/2mcos(sm/s?)
7 R =2 (a4

22
8. (1) \/7 sins (1 —coss)

(@) \/7[ *+ s2+25]

o g [ (e )

() E(T) W) /7[5

(vi) % L%(COSM_ 1) n2c§ssn]

(vii) \/5 ing S23i4}

(viii) % iliss’f
9. fels)= ﬁ(liﬂ) and f(s) = \/3(1;2)
10, f(x) = %L@iaz]

2 a
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